Abstract. Let M ⊂ R m+1 be a smooth, closed, codimension-one self-shrinker (for mean curvature flow) with nontrivial k th homology. We show that the entropy of M is greater than or equal to the entropy of a round k-sphere, and that if equality holds, then M is a round k-sphere in R k+1 .
introduction
A properly embedded hypersurface M ⊂ R m+1 is called a self-shrinker if M t := √ −tM for t ∈ (−∞, 0) is an evolution by mean curvature, i.e., if
holds for every t ∈ (−∞, 0) and x ∈ M t . Equivalently, M is a self-shrinker if it satisfies
(1) H + x ⊥ /2 = 0.
The study of self-shrinkers is central in the analysis of singularity formation of the mean curvature flow (MCF). Indeed, every limit of rescalings of a MCF around a fixed point in spacetime is modeled on a possibly singular self-shrinker [Hui90, Whi97, Ilm95] . It is straightforward to check that a hyperplane through the origin is a self-shrinker, as is S k ( √ 2k), the k-sphere of radius √ 2k in R k+1 . Crossing with a plane through the origin leaves equation (1) unchanged, so the cylinder S k ( √ 2k) × R m−k in R m+1 is also a self-shrinker. We regard spheres as a special cases of cylinders: S k = S k ×R 0 . Although many other self-shrinkers have been constructed [Ang92, KKMl18, Ket16] , Huisken [Ilm03] conjectured that for MCF from generic initial hypersurfaces, all singularities are cylindrical. When the initial hypersurface is mean-convex, all singularities are indeed cylindrical [Hui90, HS99, Whi03] .
In a recent fundamental paper [CM12] , Colding and Minicozzi made an important step towards establishing Huisken's genericity conjecture. In that paper, they defined the Gaussian area of a hypersurface M in R m+1 to be
and they defined its entropy to be the supremum of the Gaussian area of all transates and rescalings of M : 
Entropy is related to MCF through Huisken's monotonicity formula [Hui90] , which implies that entropy is non-increasing under the flow. Moreover, given a MCF with initial surface N , if M is a self-shrinker that arises (as discussed above) by blowing-up around a singular point of the flow, then
(The first equality holds for every self-shrinker, as was shown in [CM12] ). The main result of [CM12] states that every self-shrinker M other than the spheres and cylinders can be perturbed to a hypersurface with lower entropy. Thus by (4), if we flow from the perturbed hypersurface, then M cannot appear as a singularity model. In [Sto94] , Stone calculated the F -areas of shrinking spheres (and thus also of shrinking cylinders). By (4), those F -areas are the entropies of round spheres. According to those calculations,
In this paper, we prove:
is a codimension-one, smooth, closed selfshrinker with nontrivial k th homology. Then the entropy of M is greater than or equal to the entropy of a round k-sphere. If equality holds, then M is a round k-sphere in R k+1 .
The special case k = m is the main result of [CIMW13] . The special cases (k, m) = (1, 2) and (k, m) = (2, 3) of Theorem 1 follow from recent work of Jacob Bernstein and Lu Wang. Indeed, [BW17] proves that any smooth closed hypersurface in R 3 with entropy less than E(S 1 ) is isotopic to S 2 , and [BW18] proves that any smooth closed hypersurface in R 4 with entropy less than E(S 2 ) is diffeomorphic to S 3 . Travel Grant. Brian White was partially supported by NSF grants DMS-1404282 and DMS-1711293.
Proof of the Sharp Entropy Bounds
Theorem 2. Suppose that M ⊂ R m+1 is a codimension-one, smooth, closed selfshrinker, and that one of the components of R m+1 \M has nontrivial k th homotopy. Then the entropy of M is greater than or equal to the entropy of a round k-sphere. If equality holds, then M is a round k-sphere in R k+1 .
Before proving Theorem 2, we show that it implies our main theorem.
Proof of Theorem 1. By Mayer-Vietoris, one of the components of the complement has nontrivial k th homology. By the Hurewicz Theorem, that component has nontrivial j th homotopy for some j ≤ k. By Theorem 2,
with equality if and only if M is a round j-sphere in R j+1 . The result follows immediately since E(S j ) > E(S k ) for j < k by (5).
Proof of Theorem 2. Consider the vectorfield
We say that a region K of R m+1 with smooth boundary is strictly X-meanconvex if H + X ⊥ is nonzero and points into K at each point of ∂K, where H is the mean curvature vector of ∂K. Let Ω be a component of R m+1 \ M such that R m+1 \ Ω has nontrivial k th homotopy. We may suppose that M is not a round sphere (otherwise the result is trivially true.) By [CIMW13, Lemma 1.2], we can deform M by pushing it slightly into Ω to get a surface M ′ ⊂ Ω such that
and such that K ′ is strictly X-mean-convex, where K ′ is the closure of the component of R m+1 \ M ′ that is contained in Ω. Now as M ′ is a smooth hypersurface, we can let it evolve for short time by X-mean curvature flow, i.e., with normal velocity H + X ⊥ . Since H + X ⊥ points into K ′ , the surface immediately moves into the interior of K ′ . In fact, as explained in Section 3 (see Definition 3 and Theorem 4), we can extend the flow to all t ≥ 0 (in particular, past singularities) by letting
be the weak X-mean-curvature flow with M ′ (0) = M ′ . For the particular vectorfield X(x) = x/2 we are using, X-mean-curvature flow is also called renormalized mean curvature flow: it differs from the ordinary mean curvature flow by a spacetime change-of-coordinates. To be precise, given our weak X-mean curvature flow M ′ (·), the flow
is a weak mean curvature flow in R m+1 with initial surfaceM (−1) = M ′ . This is because (7) transforms smooth X-mean curvature flows to smooth mean curvature flows, and hence weak X-mean curvature flows to weak mean curvature flows, since the weak flows are defined by avoidance with smooth flows. Note also that Huisken's monotonicity formula implies a modified monotonicity forM (·), and that existence of tangent flows to M ′ (·) implies existence of tangent flows to M ′ (·). Indeed the tangent flows to M ′ (·) at a specified spacetime point are the same as the tangent flows toM (·) at the corresponding spacetime point.
Just as in the mean-convex setting, we can think of t → M ′ (t) as a flow of measures (see Theorem 4). Since entropy decreases under the flow t →M (t), we see that it also decreases under the renormalized flow t → M ′ (t). Consequently, if Θ is the Gauss density at a spacetime point of the flow t → M ′ (t), then
be the weak X-mean-curvature flow with
Since R m+1 \ K ′ has nontrivial k th homotopy, there is a continuous map F :
By Theorem 7, F (B k+1 ) ∩ K ′ (T ) = ∅ for T sufficiently large. Since F |∂B k+1 is homotopically nontrivial in R m+1 \K ′ (0) and homotopically trivial in R m+1 \K ′ (T ), the flow must be singular at one or more intermediate times. In fact, the X-meanconvexity implies more (see Theorem 6): there is a t ∈ (0, T ) and an x ∈ M (t) such that the tangent flow at (x, t) is a shrinking S j × R m−j for some j ≤ k. Consequently, the Gauss density Θ at that point is
Hence by (5), (6), and (8),
Motion by Mean Curvature Plus an Ambient Vectorfield
In this section we define weak X-mean curvature flow of closed sets, and we state precisely the properties of the flow that were used in the proof of Theorem 1.
The following definition is an adaptation of the ones in [Whi95, Ilm93] .
Definition 3. Suppose that K is a closed subset of R m+1 and that X is a smooth vectorfield on R m+1 . Let K be the largest closed subset of
is a X-mean-curvature flow of smooth, compact hypersurfaces with ∆(a) disjoint from K(a), then ∆(t) is disjoint from K(t) for all t ∈ [a, b], where K(t) := {x ∈ R m+1 : (x, t) ∈ K}.
We say that t ∈ [0, ∞) → K(t) is the weak X-mean-curvature-flow (or simply the weak X-flow) starting from K.
The largest set K exists because the closure of the union of all sets K having properties (1) and (2) also has those properties.
For a self-contained treatment of weak X-flows, see [HW18a] . (In that paper any closed subset of K satisfying (1) and (2) is called a weak X-flow starting from K, and the largest one is called the biggest X-flow starting from K. In this paper, the only weak X-flow starting from K that we need is the biggest one, and we write "the weak X-flow" rather than "the biggest X-flow".)
The following theorem lists the main properties of weak X-flow of X-meanconvex regions.
Theorem 4. Suppose that K is a closed region in R m+1 with smooth, compact boundary. Suppose that X is a smooth vector field on R m+1 such that
and such that at each point of ∂K, the vector − → H + X ⊥ is nonzero and points into K. Let t → K(t) and t → M (t) be the weak-X-flows starting from K and from ∂K. Then In the case of Euclidean space with no vectorfield (i.e., X = 0), Theorem 4 was proved in [Whi00, Whi03, Whi15] . That work was extended to compact K in Riemannian manifolds (still with X ≡ 0) by Haslhofer and Hershkovits [HH18] . The proof of Theorem 4 is a modification of the proofs in those papers. See [HW18a] for proofs of Assertions (1), (2), and (3), and [HW18c] for proofs of Assertions (4), (5), and (6).
Remark 5. Although the proof of Theorem 1 only used the vector field X = x/2, in order to prove Theorem 4 for this particular vector field when K is unbounded (which is key to identifying interior topology in Theorem 1), one is forced to consider more general vector fields. Thus, from the point of view of this current paper, it is (indirectly) essential that the analysis in [HW18a, HW18c] holds for arbitrary vector fields X satisfying (*), and not just for X = x/2. Theorem 6. Suppose in Theorem 4 that
Then there is a t ∈ (0, T ) and a singular point x ∈ M (t) such that the tangent flow at (x, t) is a shrinking S j × R m−j for some j with 1 ≤ j ≤ k.
Theorem 6 is a special case of Theorem 4.4 in [Whi13] . See [HW18b] for a simpler, Morse-theoretic proof of Theorem 6.
Theorem 7 (Clearing Out Theorem). Suppose in Theorem 4 that X(x) = x/2. Then dist(0, K(t)) → ∞ as t → ∞.
It is possible that K(t) vanishes in finite time. Theorem 7 includes that case: if K(t) = ∅, then dist(0, K(t)) = ∞. is non-decreasing. Fix a τ > 0. Then t → K(τ + t) and t → M (t) are RMCFs, so e −t/2 dist(K(τ + t), M (t)) is non-decreasing in t. 
